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Abstract

This paper reports experiments in a boundedly ratio-
nal evolutionary game, namely the Minority Game, where
agents apply a very simple learning algorithm to discard
bad strategies and create new ones. The results show that
even such simplified learning model presents qualitatively
differences from the behaviour of the traditional game,
where strategies are fixed and cannot be modified or dis-
carded. We show that this results are qualitatively similar to
other, more complex, learning approaches. Also, we study
how the learning parameters of our model affects the dy-
namics of the game, evidencing a high dependence between
the behaviour of the system and the way fitness is attributed
to new strategies entering the game.

1. Introduction

Classical economics makes the assumption that eco-
nomic agents involved in any system are perfectly ratio-
nal. This usually means that each agent has knowledge of
all relevant aspects of the environment, a logical and co-
herent preference scale, and enough computational power
to process all this information in order to choose the best
course of action to attain the highest, optimal point in his
or her preference scale [12]. This assumption facilitates the
use of analysis tools within game theory to predict the out-
come of interactions among multiple agents, but is never-
therless a strong assumption over human agents. Many stud-
ies suggest that we, humans, often do not behave in a per-
fect rational way [14], limiting the predictive power of tra-
ditional tools used for analysis of social interactions and
economics. In [12, 11] it is argued that a more useful ana-
ysis tool would include in the model the procedures used
by the agents in reasoning, including known limitations.
That is, agents would be modeled withbounded rational-
ity. Bounded rational agents have limits in their abilities to

make choices, often making suboptimal ones and resorting
to “shortcuts” in reasoning, i.e.rules of thumb.

In order to study the effects of bounded rationality in
multi-agent decision making, Arthur [2] proposed a sce-
nario known as theEl Farol Problem. In this scenario, mul-
tiple, boundedly-rational agents choose whether or not to go
to the El Farol bar in a given night. It turns out that an agent
only enjoys the night out if the bar is not overcrowded -
given an overcrowd threshold common for all agents. An
agent thus goes to the bar if he believes that it will not
be overcrowded. No communication is allowed among the
agents. Whenever all agents commit their choice simulta-
neously, an interesting paradox arises: if many believe that
few will go, then many will show up; if many believe many
will go, then few will show up. This belief might be con-
structed by reasoning over what other agents intend to do,
but one must consider that each agent would be reasoning
in the same way about every other agent, creating lines of
thought such as “if agent 2 believe that I believe that agent 2
believes...” and so on. Human subjects have difficulties fol-
lowing this line of reasoning, specially where several agents
are involved. This problem is dealt in the El Farol Problem
by considering that agents are not able to reason explicitly
over what other agents are reasoning and choices are indi-
vidually made based solely on a history of past attendances
to the bar, which is common knowledge to all agents. In
Arthur’s model, agents are given a simple inductive learn-
ing algorithm to reason over this information.

This setup aimed at studying the effects of inductive
learning as a procedure for boundedly rational agents rea-
soning in such competitive systems; such setups are use-
ful since they can be seen as simplified models of a mar-
ket economy. Results in [2] have shown that the system
converges close to a game-theoretic equilibrium, fluctuating
around the overcrowd threshold. This equilibrium is where
the sum of gains is maximum, i.e. the system as a whole is
using the given resources in an efficient way, by maximiz-
ing the number of agents satisfied.

In [15] a better formalization and generalization to



Arthur’s proposal is developed and namedthe Minor-
ity Game. The Minority Game scenario closely follows the
general setup of the El Farol problem, but with some sim-
plified assumptions in order to make it more general and
mathematically tractable. In the Minority Game (MG)
an odd number (N ) of agents iteratively choose whether
or not to be in one of two possible groups (a more gen-
eral setup with an arbitrary number of groups may be
found in [6]) and those belonging to the minority group
(the group containing the least number of agents) are pos-
itively rewarded. Thus, it is of interest of every agent to
be in the minority group, creating the same kind of para-
dox as in Arthur’s model.

In contrast to the El Farol scenario, in the MG agents
do not receive a history of past attendances; they receive
only the information of which group had the minority in
previous runs (thus, the history is a binary string and not a
history of integers as in the El Farol problem). This repre-
sents much less information available to the agents. Each
agent is given a fixed set of strategies and chooses his or
her best strategy at each turn to commit a choice, evaluat-
ing each by their performance in the past. An agent cannot
modify his or her strategies, only choose his or her prefer-
ence over the ones given at the start of the simulation. It
was verified that this setup results in convergence towards
a mean attendance ofN/2 to the groups, which maximizes
the sum of gains of the agents as a group [15]. However,
the minority rule applied to an odd number of agents makes
stable convergence impossible, forcing the agents to ever
adapt towards a non-existing equilibrium, generating fluctu-
ations around the mean attendance. In order to take this into
account, the concept ofvolatility was introduced in [15].
Volatility is taken to be the variance (σ2) or standard devi-
ation (σ) of the attendance of a reference group, represent-
ing how spread are agents from the mean attendance, thus
as volatility increases, so does the “waste” of resources, that
is, more agents are losing the game by not being in the mi-
nority group and the farther the system is from an optimum
group behaviour. Because of this, volatility is taken to rep-
resent the efficiency of group choices. It is well known that
the volatility of a system is highly dependent on the agents’
memory size and presents a phase transition when plotted
against this parameter [10]. Whether or not it is dependent
of the memorycontent, seems to remain an open question
[3, 4].

The fixed nature of the strategies in the MG has led re-
searchers to develop other learning paradigms without such
bounds, in order to study the effects on the dynamics of the
system. In [13], a genetic algorithm is applied to the agent’s
strategies and in [1] agents are able to learn through a rein-
forcement learning algorithm (Q Learning). In both cases,
results have shown that the characteristic phase transition
disappears. However, it is unclear what is the role of the

learning algorithms used in producing such dynamics. In or-
der to better understand this point, we shall present a very
simplified evolutionary-based learning algorithm and study
how the dynamics change when a learning parameter is var-
ied. Section 2 presents the general framework for our nu-
merical analysis. Section 3 shows the results and discuss
them, while Section 4 concludes this paper.

2. Simulation Framework

We start by making some definitions and describing the
MG and our modification to the learning algorithm. The
MG model is an iteractive system composed ofN agents,
whereN is an odd number, two groups here labeledA and
B, and a global history recording which was the minority
group in past rounds. An agent is a system that, at each
round, reads a window of sizeM from the global history
and outputs a decision either to attend to groupA or to group
B in the next round using solely the information contained
in this window. We will refer to the number of agents at-
tending to groupA in time t asA(t). The groupB is al-
ways the complement ofA, B(t) = N - A(t), and we shall
use groupA as a reference group. We are interested in eval-
uating the variance ofA(t) as a measure of how spread the
agents are from the mean attendance and, thus, also as a
measure of the efficiency of group choices. We use the stan-
dard formula to calculate the variance in a population:

σ2 =
1

(T − t0)

T∑
t=t0

(A(t)− 〈A〉)2

where〈A〉 is an average overA(t), T is the total num-
ber of rounds executed andt0 is the round after which the
system reaches a steady state, i.e. the round after which
fluctuations due to the random initialization are gone [9].
We taket0 as being a much larger number compared to
M , t0 >> M , thus guaranteeing that the window read by
agents is composed only of endogenous information, i.e.
created by the agents themselves and not by some exter-
nal process.

To make the decisions, each agent is givenS ≥ 2 strate-
gies. Qualitative behaviour of the system is well known not
to change withS if S ≥ 2 [10] and thus we focus on the
simplest case whereS = 2. A strategy relates history win-
dows to a decision and can be seen as a lookup table that
maps each combination of past attendances to a decision.
Figure 1 shows an example of such strategy forM = 3,
where A is represented by “0 and B by “1. Thus, a strat-
egy can be effectively represented as a binary vector of size
2M , with each vector position representing the output of one
unique possible combination of history’s outcomes. Each
agent randomly drawsS strategies on its creation from the
strategy space (i.e. the strategy vector is randomly initial-
ized) and, in the traditional MG, agents must use only these



Figure 1. An example of a strategy as a
lookup table with M = 3

strategies during the entire course of the game. After each
round, agents update thefitnessof each strategy, which is a
measure of how well the strategy performed in the past. One
possible fitness function, described in [5] and used here, is
to test whether a strategywould have predicted correctly
the group containing the minority in the lastM rounds, giv-
ing points to each correct prediction. When making a de-
cision, an agent uses his higher fitness strategy in order to
commit the decision.

The above setup is known to present a phase transition in
its efficiency, as a function of the agent’s memory size. This
is one of the main features of the MG, and suggests that
agents, for some memory sizes, are able to organize them-
selves in order to increase system efficiency, reaching a bet-
ter than random volatility [10]. Also, this behaviour is sim-
ilar to some physical systems and has attracted numerous
physicists to the area. In order to further study the effects of
different learning algorithms in the dynamics of the system,
we extend the MG model by adding a simple evolutionary-
based learning procedure. This evolutionary algorithm fol-
lows the following steps:

1. Order the strategies by their fitness;

2. Discard theS
2 worst strategies;

3. GenerateS2 new random strategies and replace the dis-
carded ones;

The above algorithm is invoked with periodL for each
agent in the game. This guarantees that, at everyL rounds,
new strategies are generated and the underperforming ones
are eliminated. Values ofL are integers from 1 to∞. It
is interesting to note thatall agents update their strategies
with the same periodicity, contrasting to [13] where only a
fraction of the worst performing agents actually invoke the

learning algorithm. We take this approach in order to avoid
agents to receive any information about the performance of
other agents, making any individual agent concerned only
with its own performance. Another parameter of the algo-
rithm is how fitness is attributed to new strategies. We here
analyse two cases, one where all new strategies begin with
zero fitness and another where new strategies inherit fitness
from its predecessors, i.e. from the strategies removed from
the set.

This kind of evolutionary learning, where underperform-
ing results are discarded and new ones are generated for
substitution, is well known and studied, presenting good re-
sults for several “conventional problems [8]. However, the
problem faced here is somewhat unconventional: an agent
must learn not a pattern generated externally by the environ-
ment, but one that is generated dynamically by himself and
other similar agents, in a competitive environment. Also,
we are not interested in how well this algorithm might per-
form for any individual agent. Our interest lies on the be-
haviour of the system as a whole, by the analysis of its dy-
namics.

3. Results

We have run all experiments using the following fixed
parameter set:N = 101, S = 2, t0 = 1000 andT = 3000.
We begin by analysing the role of the learning periodicity
parameterL in the extreme cases. WhenL = 1, at every
round the learning algorithm is invoked and the worst per-
forming strategies are discarded and new ones are gener-
ated. In this case, since fitness attribution is done once at ev-
ery round, strategies are chosen to be discarded based only
on their performances in the previous round. At the other
extreme, whenL ≥ T , strategies are never discarded nor
new ones are generated, thus the system behaves exactly
like the traditional MG.

Figure 3 shows these two extreme cases when new strate-
gies inherit fitness from its predecessor, plotting the vari-
ance attained against the agent’s memory size. ForL ≥ T ,
the curve is exactly the same as the traditional MG, present-
ing the characteristic phase transition. That was expected
since in this case the evolutionary algorithm is never in-
voked and the system becomes the traditional MG. How-
ever, it can be seen that whenL = 1, the system has a
qualitatively different behaviour, presenting no phase transi-
tion, with the minimum variance corresponding to the point
where the memory is smaller, increasing with the increase
of M . This is precisely the behaviour reported in [1], where
agents are able to learn through a Q-Learning algorithm.
For largeM , both cases converge to the same variance,
which is the variance expected when agents make indepen-
dent random choices at every round, assuming a value of
σ2

rand = N
4 [7].



Figure 2. Variance σ2 as a function of M when
new strategies starts with zero fitness. Filled
circles are for L ≥ T and empty squares for
L = 1. Plotted values are averages over 100
independent runs.

Figure 3. Variance σ2 as a function of M when
new strategies inherit its predecessor’s fit-
ness. Filled circles are for L ≥ T and empty
squares for L = 1. Plotted values are aver-
ages over 100 independent runs.

Figure 2 plots the results when the experiment is re-
peated but new strategies now starts with zero fitness. A
completely different behaviour is observed. ForL = 1,
where there was, in the previous case, a strictly increasing
efficiency with the increase of memory size, there is now
a strictly decreasing function, with the most remarkable as-
pect being that it never behaves in a better than random way.
This is also the observed behaviour in [13], where a genetic
algorithm is used to produce new strategies.

This stands as evidence that the macroscopic dynam-
ics found in [13] and [1] are not particular of the learn-
ing paradigm used; rather, these seem to be a more gen-
eral effect of systematically ruling out bad strategies from

Figure 4. Variance σ2 as a function of M when
new strategies inherit its predecessor’s fit-
ness. Empty circles are for L = 100, empty
squares are for L = 500, filled circles are for
L = 1000 and filled squares are for L ≥ T =
3000.

Figure 5. Variance σ2 as a function of M when
new strategies starts with zero fitness. Empty
circles are for L = 100, empty squares are for
L = 500, filled circles are for L = 1000 and
filled squares are for L ≥ T = 3000.

the system, combined with a fitness attribution scheme for
the strategies. One might question if the described behav-
iors might not be simply due to the periodical introduction
of new strategies into the game. To account this, we have
modified the algorithm to randomly choose the strategies to
be replaced (not considering their fitness). In this case the
described behaviors are not attained, rather the variance be-
comes equal to the random choice case for all memory sizes,
for both fitness attribution schemes. Also, when the algo-
rithm is further modified to replace thebeststrategies, the
same random behaviour is attained. Thus, the selective re-
moval of underperforming strategies plays an important role



in our setup.
Next, we analyse how the variance behaves when we set

1 < L < T . Figure 4 shows the variance behaviour for
some values ofL when new strategies inherit the fitness of
its predecessors. Figure 5 shows the same experiment, but
new strategies receive zero fitness. It can be seen that in both
cases the behaviour smoothly transits between the two ex-
treme cases. The phase transition becomes more evident as
L increases, thus evidencing that the phase transition be-
haviour of the traditional MG is a consequence of not al-
lowing agents to modify or discard their underperforming
strategies throughout the game. When we allow the worst
strategies to be discarded and substituted with maximum
frequency, i.e.L = 1, the behaviour changes dramatically
as was shown.

4. Conclusions

In this paper we have presented a simple learning al-
gorithm for the Minority Game where, with periodicity
L, the worst performing strategies of each agent are re-
moved and new random strategies are created for replace-
ment. This simplified learning procedure was used to fur-
ther investigate the role of learning in this kind of game.
We showed that for small enoughL the phase transition
of variance when plotted against memory size, character-
istic of the original MG, disappears. Similar results are re-
ported by other researchers and we have compared ours to
those, showing that such dynamics might be attained using
a much simpler learning rule. We attribute this change in
behaviour to the possibility of agents to adjust their strate-
gies by the systematic removal of underperforming strate-
gies. Also, we have investigated how does the learning pa-
rameterL affects the efficiency of the system, showing that
there is a smooth transition between the two extreme cases
(L = 1 andL ≥ T ), evidencing that the phase transition
is due the unability of agents to adjust their strategies in re-
sponse to bad performance.

Moreover, we have found out that the fitness attribution
scheme used have a high influence on general behaviour.
When new strategies start with zero fitness the system never
reaches a better than random variance, becoming a strictly
decreasing function with memory size. However, when we
allow new strategies to inherit fitness from its predeces-
sor the variance becomes strictly increasing, with high ef-
ficiency present on a large range of memory sizes. This re-
sult shows that any learning algorithm applied to the MG
should take fitness attribution into account, for this aspect
alone might change dramatically the observed behaviour.

These results are important to better understand the role
of the learning paradigm used in the MG and other evo-
lutionary games. By showing that such a simple learning
model is able to capture the main features offered by more

complex models, and by analysing the effects of changes on
simple parameters of this model, we believe we have taken
a step closer to understanding how different learning proce-
dures affect the dynamics of such games.
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